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Confidence Intervals

Confidence Intervals

“60% of the time, it works every time.” – Brian Fantana

Marc Mehlman (University of New Haven) Confidence Intervals and Hypothesis Testing 3 / 33



Confidence Intervals

Confidence intervals

A confidence interval is a range of values with an associated 

probability, or confidence level, C. This probability quantifies the 

chance that the interval contains the unknown population parameter.

µ falls within the interval with probability (confidence level) C.
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Confidence Intervals

95% Confidence Interval of the 
Mean

19

One can be 
95% confident 
that an interval 
built around a 
specific sample 
mean would 
contain the 
population 
mean.
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CI for µ: σ known

CI for µ: σ known

Confidence intervals for µ when σ is known.
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CI for µ: σ known

Uncertainty and confidence

Picking different samples from a population with standard deviation 

60.864, you would probably get different sample means ( x̅ ) and 

virtually none of them would actually equal the true population mean, µ.
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CI for µ: σ known

When taking a random sample from a Normal population with known 

standard deviation σ, a level C confidence interval for µ is: 

CI for a Normal population mean 
(σ known)

80% confidence level C

C

z*  -z*        

 σ/√n is the standard deviation of 

the sampling distribution

 C is the area under the N(0,1) 

between −z* and z* 

*     or    x z n x mσ± ±
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CI for µ: σ known

Theorem (CI for µ, σ known)

Assume n ≥ 30 or the population is normal. Let

margin of error = m
def
= z? ?

σ√
n
.

Then the confidence interval is x̄ ±m.

Using simple algebra

Theorem

Sample size for a given margin of error, m, is

n =

(
z?σ

m

)2

.

Since n has to be an integer, always rounds up.
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CI for µ: σ known

Example

The weight of a single egg varies normally with a
standard deviation of 5 grams. Think of a carton of 12 eggs as a random
sample of size 12. One buys a carton of 12 eggs and the average egg in
the carton weighs 64.2 grams. Find a 95% confidence interval for the
population mean weight of eggs.
Solution: Since the distribution of egg weights is normally distributed, a
95% confidence interval is given by

x̄ ± z?
(
σ√
n

)
= 64.2± 1.96

(
5√
12

)
= 64.2± 2.829016.

The 95% confidence interval is (61.37098, 67.02902).

Marc Mehlman (University of New Haven) Confidence Intervals and Hypothesis Testing 10 / 33



CI for µ: σ known

Finding Specific z* Values

We can use a table of z/t values (Table D). For a particular confidence 
level, C, the appropriate z* value is just above it. 

Example: For a 98% confidence level, z* = 2.326.

12
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CI for µ: σ known

Density of bacteria in solution

 99% confidence interval for the 

true density, z* = 2. 576 
                        

                     = 28 ± 2.576(1/√3)

                     ≈ 28 ± 1.5 

                                million bacteria/ml

 90% confidence interval for 

the true density, z* = 1.645
                        

                  = 28 ± 1.645(1/√3)

                  ≈ 28 ± 0.9 
                           million bacteria/ml

Measurement equipment has normal distribution with standard deviation 

σ = 1 million bacteria/ml of fluid. 

3 measurements: 24, 29, and 31 million bacteria/ml.

Mean:     = 28 million bacteria/ml. Find the 99% and 90% CI.

*x z
n

σ± *x z
n

σ±
€ 

x 
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CI for µ: σ known

n=( z∗σm )
2

  ⇒   n=(1 .645∗1
0 .5 )

2

=3 . 292=10 .8241

Density of bacteria in solution 

A measuring equipment gives results that vary Normally with 

standard deviation σ = 1 million bacteria/ml fluid. 

How many measurements should you make to obtain a margin of error of 

at most 0.5 million bacteria/ml with a confidence level of 90%?

For a 90% confidence interval, z*= 1.645.

Using only 10 measurements will not be enough to ensure that m is no more 

than 0.5 million/ml. Therefore, we need at least 11 measurements.
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Hypothesis Testing

Hypothesis Testing

Hypothesis Testing

“The statistician says that “rare events do happen – but not to
me!”” – Stuart Hunter
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Hypothesis Testing

A hypothesis is a claim about a population. One tests 2 mutually
exclusive hypotheses:

H0 ← null hypothesis

HA ← alternative hypothesis.

Example

H0 : µ = 1 versus HA : µ = 2.

1 Everything is from H0’s point of view. One accepts (retains or fails to
reject) or one rejects H0.

2 H0 is hypothesis you want to reject. As in

H0 : my drug does nothing versus HA : my drug works.
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Hypothesis Testing

A testing procedure is a

1 H0 versus HA

2 random sample, X1, · · · ,Xn

3 test statistic, T = T (X1, · · · ,Xn)

4 critical region or rejection region

One rejects H0 if test statistic is in critical region - one accepts H0

otherwise. Critical region is values of test statistic more likely under HA

than H0.

Example

Let X1, · · · ,X5 be from N(θ, 1). A testing procedure is

1 H0 : θ = 0 versus HA : θ = 1 and

2 the random sample, X1, · · · ,X5,

3 the test statistic, T = X̄ ,

4 the critical region = (3/4,∞).
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Hypothesis Testing

Think
H0 : cancer versus HA : no cancer.

H0 accepted H0 rejected

H0 true miss
H0 false false positive

Definition

Type I Error = rejecting a true H0 = miss

Type II Error = accepting a false H0 = false positive

One can reduce Type I Error by tolerating more Type II Error. Conversely,
one can reduce Type II Error by tolerating more Type I Error.
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Hypothesis Testing

Definition (Significance Level and Power of the Test)

α
def
= P(Type I error|H0 True) = significance level

β
def
= P(Type II error|H0 False)

1− β def
= P(no Type II error|H0 False) = power of the test

The power of the test of significance level α is ability of the test to detect
when H0 is false (the power is the probability of not getting a false positive
when H0 is false).

H0 accepted H0 rejected

H0 True 1− α α
H0 False β 1− β

Want significance level small (≤ 0.05 is considered good) and the power,
big ( ≥ 0.8 is considered good).
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Hypothesis Testing
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Hypothesis Testing

α, β, n are related:

fixed α n ↑ ⇒ β ↓
fixed β n ↑ ⇒ α ↓
fixed n α ↓ ⇒ β ↑ and β ↓ ⇒ α ↑

A given significance level, determines the critical region and hence the
power of the test.
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Hypothesis Testing

Testing procedures report acceptance or rejection of H0 based on a given
critical region. Testing procedures do not report if an acceptance or
rejection of H0 was a close call or not. It is often better to start with just

1 H0 versus HA

2 random sample, X1, · · · ,Xn

3 a given test statistic, t = T (x1, · · · , xn)

(no critical region), and then report the significance level of a test if the
test statistic, t, is just on the border of accept or reject.

Definition (p–value)

p–value = probability, assuming H0 true, that the test statistic will be at
least as extreme as t.

One reports the p–value to the client, who then decides to accept or reject
H0. Small p–values are good since one wants to reject H0. In Social
Sciences, a p–value ≤ 0.05 often leads to a rejection of H0.
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Hypothesis Testing
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Hypothesis Testing
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z–test: Mean (σ known)

z-test: Mean (σ known)

z-test: Mean (σ known)
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z–test: Mean (σ known)

Theorem (One Sample for the Mean (σ known))

Given a random sample, X1, · · · ,Xn consider

H0 : µ = µ0.

If either

the random sample was sampled from a normal population or

the sample size n ≥ 30,

let the test statistic be

Z =
X̄ − µ0

σ/
√
n
.

Then Z ∼ N(0, 1) under H0. The p–value of a test of H0

1 versus H1 : µX > µ0 is P(Z ≥ z).

2 versus H2 : µX < µ0 is P(Z ≤ z).

3 versus H3 : µX 6= µ0 is 2P(Z ≥ |z |).
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z–test: Mean (σ known)

P-value in one-sided and two-sided 
tests

To calculate the P-value for a two-sided test, use the symmetry of the 

normal curve. Find the P-value for a one-sided test and double it.

One-sided 

(one-tailed) test

Two-sided 

(two-tailed) test
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z–test: Mean (σ known)

Example

A supplier of packages of tomatoes claims that average weight of the packages
is 227 grams. The package weights are known to be normally distributed with σ = 5
grams. The average weight of 4 randomly selected packages is 222 grams. The suppliers
machinery must be recalibrated if the random sample fails a test of significance
α = 0.05. Find the p–value of a test of the supplier’s claim.
Solution:

H0 : µ = 227g versus Ha : µ 6= 227g

The population is normally distributed so the test statistic is

z =
x̄ − µ0

σ/
√
n

=
222− 227

5/
√

4
= −2.

Using R, the p–value is calculated to be

> 2*pnorm(-2,0,1)

[1] 0.04550026

Because H0 is rejected for a test of α = 0.05, the machinery must be recalibrated.
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z–test: Mean (σ known)

Example
> install.packages("TeachingDemos")

> library(TeachingDemos)

> set.seed(1234)

> ntab=rnorm(99,5,1)

> z.test(ntab,mu=4.6,sd=1)

One Sample z-test

data: ntab

z = 2.1913, n = 99.000, Std. Dev. = 1.000, Std. Dev. of the sample mean

= 0.101, p-value = 0.02843

alternative hypothesis: true mean is not equal to 4.6

95 percent confidence interval:

4.623246 5.017213

sample estimates:

mean of ntab

4.820229

> z.test(ntab,mu=4.6,sd=1,alternative="greater")

One Sample z-test

data: ntab

z = 2.1913, n = 99.000, Std. Dev. = 1.000, Std. Dev. of the sample mean

= 0.101, p-value = 0.01422

alternative hypothesis: true mean is greater than 4.6

95 percent confidence interval:

4.654915 Inf

sample estimates:

mean of ntab

4.820229
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Hypothesis Tests and Confidence Intervals
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Hypothesis Tests and Confidence Intervals

Three Equivalent ways of doing a testing procedure
with significance level α:

1 reject H0 if the test statistic ∈ critical region of size α.

2 reject H0 if p–value ≤ α.

3 reject H0 if test statistic /∈ a (1− α)100% confidence interval.

If the test has no predetermined significance level, just report the p–value
of the test.
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Hypothesis Tests and Confidence Intervals

A sample gives a 99% confidence interval of                                      .

With 99% confidence, could samples be from populations with µ =0.86? µ =0.85?

x̄±m=0 .84±0 .0101

99% C.I.

Logic of confidence interval test

x̄

Cannot reject
H0: µ  = 0.85

Reject H0: µ  = 0.86

A confidence interval gives a black and white answer: Reject or don’t reject H0. 

But it also estimates a range of likely values for the true population mean µ.

A P-value quantifies how strong the evidence is against the H0. But if you reject 

H0, it doesn’t provide any information about the true population mean µ.
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Chapter #6 R Assignment
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Chapter #6 R Assignment

Create a normal random sample of size as follows:

> set.seed(4321)

> ntab=rnorm(73,3.1,1.9)

Knowing that the standard deviation is 1.9, but not knowing the mean is
3.1, find the p–value of the test

H0 : µ = 3.7 versus HA : µ < 3.7.
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